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Some Optimal Low-Acceleration Rendezvous Maneuvers

B H BiLuk*
Aerospace Corporation, El Sequndo, Calif

For each of three specific rendezvous missions, the low-acceleration program which opti-
mizes performance, as referred to some figure of merit, is obtained Specifically, these
figures of merit are either propellant or time, and each of the missions is pei1formed in a man-
ner that will minimize one of these quantities subject to suitable constraints Whenever
possible, the differential equations of motion are integrated, with the use of the optimum
acceleration program, to obtain the trajectory of the vehicle(s) as an explicit function of time
In general, the equations from which the desired optimal results are to be extracted are suffi-
ciently complicated so that some machine computation is required The emphasis on such
computation varies between the three solutions An illustrative example comparing an opti-
mum acceleration program with an ‘“‘equivalent’ constant tangential acceleration program
is included in the paper This comparison shows that the optimum program is slightly
superior to the tangential program The magnitude and direction of the optimal accelera-
tion vector is shown to vary The optimum low-acceleration programs are obtained by em-
ploying the technique of differential games A brief summary of the philosophy involved in
this optimization procedure and a list of required equations are included for reference
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purposes

I Introduction

N the following paper, a trio of optimal low-acceleration
rendezvous problems is analyzed by employing the tech-
niques afforded through the application of differential games
The underlying theory involved in the formulation and solu-
tion of optimal strategy problems via differential games
was described in detail by Isaacs in Refs 1-4 Although
the procedure is intrinsically identical to that which evolves
from the use of the Pontryagin maximum principle, we will
nevertheless adhere to the notation and formulation as pre-
sented in the former A brief synopsis of the required
optimality equations is included for reference purposes

Consider a target satellite traveling in a circular orbit of
radius 7, about the earth For the present, it will be pre-
sumed that this satellite is devoid of any thrusting capability
An interceptor vehicle is assumed to be located at a distance
P(t) from the target, where P(f) « 7, for all ¢ Conceptu-
ally, both satellites are located in nearby orbits and are
traveling relatively close to each other The interceptor is
equipped with an engine capable of delivering continuous
acceleration of variable magnitude Two distinet closure
maneuvers are contemplated. These are as follows:

1) To transfer the interceptor from its initial state to a
final state, which is coincident with the target in both posi
tion and velocity, in a fixed time 7' This mission is to be
performed in a manner that minimizes the required propel-
lant, i e , a minimum energy closure maneuver For brevity,
the foregoing will be referred to as passive rendezvous

2) To transfer the interceptor from its initial state to one
in which the interceptor passes at a distance § from the
target, in a specified time 7 At the termination of this
maneuver, the target and interceptor are constrained to be
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at the same altitude f A minimum energy maneuver is
again desired We will denote this mission by the title
passive fly-by

It should be noted that, whereas the passive rendezvous
maneuver constrains the final state of the interceptor to
prescribed values, the fly-by maneuver leaves the terminal
velocity completely free and the terminal geometrical posi-
tion constrained only to lie on a circle of radius é centered
at the target The possible applications of the former are
obvious whereas the latter might well be employed to gather
surveillance information on a foreign satellite vehicle Nei
ther of the forementioned missions (theoretically) requires
the use of any high-thrust ferminal corrections

In the sections to follow, solutions are obtained to both
the passive and fly-by rendezvous missions Specifically,
the optimal acceleration vector control and interceptor tra~-
jectories are obtained as closed form functions of the time
and, in addition, expressions are derived which yield the
propellant expended Generally speaking, the complexity
of these extremal solutions is such that machine eomputa-
tions will invariably be required In particular, the prob
lem of obtaining the constants of integration to be employed
in the equations defining the fly-by mission requires the solu-
tion of a set of nonlinear algebraic expressions The solu-
tions to these expressions can best be obtained by employing
high-speed machine computation

In the final problem analyzed, the game theoretic aspects
of the optimization technique used in this report are brought
to bear on a rendezvous mission that involves optimal tactics
In the context of the mission to be deseribed immediately
below, the interceptor and target vehicles may be thought
of as the pursuer and evader, respectively This latter
notation is in keeping with that used in Refs 1-4

Let us assume the same initial geometrical configuration
between the pursuer and evader as outlined for the first two

1 This constraint is included merely to simplify the manipula-
tion of the equations With a little effort, it could be relaxed
entirely The constraint as just worded is only approximately
true Actually, the target and interceptor are required to lie
in a plane tangent to a sphere of radius r,, where 7o is the radial
distance to the target
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problems For this case, both vehicles will be assumed to
have low-acceleration engines, and we will allow the ac
celeration vectors of either vehicle to be arbitrarily oriented
in space while the magnitudes of these vectors are fixed, ie,
constant acceleration From the point of view of the pur-
suer (P), a strategy is desired which will permit this vehicle
to rendezvous with the evader in the minimum time In
contrast to this, the evader desires a strategy that will yield
the maximum time befoie rendezvous is affected

Although much is left to be said concerning this mission,
we will leave such discussion to the section in which the
problem is treated This mission will be referred to as an
active rendezvous

A particular example involving the solution to the passive
rendezvous problem is treated in Sec D The results, as
obtained from the optimal equations, are compared with a
constant tangential acceleration program, which is known,
a posteriori, to be capable of performing the desired mission

The physical assumptions inherent in the analysis are that
the vehicle(s) moves in an inverse square gravitational field
and natural perturbations are negligible, ie, oblateness
drag, sun, moon, etec

II Differential Games: Optimality
Equations

In this section, a succinet and admittedly cursory exposi-
tion is given on the formulation and solution of optimal
strategy problems through the use of differential games
In essence, it is nothing more than a brief outline of those
features of the techniques which are to be employed in the
sections to follow The entire topic of differential games is,
however, discussed in great detail in Refs 1-4, and the reader
ig directed there for a complete dissertation For simplicity,
the topic will be discussed from the point of view of the
motion of two vehicles

Consider two vehicles, the totality of whose descriptive
variables, ie, state variables, can be represented by the
vector X = (21, 2, y &ny Tny1), Where the z; are defined in
some subspace F of Euclidean n -+ 1 space  We will assume,
at each instant of time, that the set of such variables associ
ated with a particular vehicle is known by the other  Hence,
we are concerned with a deterministic problem of complete
information Let the dynamical equations governing the
changes of these descriptive variables with time be

dxi/dt = f,’(ﬁlfl, Za, y Lny Lo, d)l) ¢27 3

¢, ¥, ¥y ) ¥s) =12 y
Az /dt = 1 @21)

or
dzi/dt = (X, d,0) i=12 ,n+1 292

where the vectors ¢ and 1 are the navigation variables of the
vehicles, ie, steering funetions I The f; are assumed con
tinuous with respect to X, ¢, and 1 and continuously differ-
entiable with respect to X

In order to classify what is to follow as a game, conflicting
objectives will be attributed to the two vehicles That is,
one of the vehicles is trying to maximize some quantity while
the other is endeavoring to minimize the same quantity
For simplicity, the duration of the game will be assumed
fixed The game is considered over when some preassigned
objective is met Usually, this can be interpreted as im
plying that X lies on some specified surface of dimension
d < nin E We will title this surface the terminal surface

1 The vectors ¢ and 1 are defined in regions of Euclidean space
of dimensions r and s, respectively, and are assumed to be piece-
wise continuous
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and denote it by the letter C
point in £

For prescribed functions G(X, ) and F(X) (differentiable
with respect to their arguments), an integral payoff J will be
defined as

In particular, ¢’ might be a

7= [ exopa @3)

where the integration is carried over the path traversed by
X and a terminal payoff as the magnitude of F at the point
where X intersects ¢

Let V(X) be the optimal value of the payoff as accumu-
lated from an initial position X, and let the function H be
defined as§

ntl oy
HV'X,¢) = 3, - fiX o) + X o) (29

j=1 i

if the payoff is integral, or

n+1

BV X0 = S oF (K )

i=1
if the payoff is terminal, where §
V= <OV ov >

oz;’ ’ axn+l

Then it is shown in Ref 3 that if X*, ¢* {* constitute an
optimal solution, ie, Eq (2-2) is satisfied along with a set
of boundary conditions and J or F is minimized, then
H{V'X*0)], X*() ¢*O),4* O} =

G (min)Y(max) H{V'[X*®)], X*®),0,4} (25)

at each instant of time, 0 < ¢ < T, where the min max is to
be taken over all admissible values of ¢ and ¥4 In addition,

HIV'@).X*0),$*O),4* ()] =0 (26)

If Eq (26) is differentiated with respect to r, where r =
T — t, if the optimal strategies are substituted into the re
sulting expression, and if we denote 0V /dz,[X*(T — t)] by
V i(7), then the following ensues:

n+1 A
(D) -7i= T v moeoro +

dT D$ i i=1

O g O] i-12 a1 @D

where we merely suppress the G when considering a terminal
payoff Egs (25) and (27) giverise ton + 1 + 7 + s
equations in as many unknowns, ie, ¢:*¢;* Vs

In order to specify completely the optimal strategies and
subsequently the equations of motion, » boundary condi
tions must be determined Let us assume that & < n of
these conditions are specified at 7 = 0 and + = T, ie,
o =¢ @ =12 , k), and let the terminal surface C be
represented in parametric form by z; = z; (S, S, ) Sn k1)
t=%F+1, ,n) Noting that V= 0or V = Fon C
according to whether the payoff of the game is integral or
terminal, allows n-k 1 of the remaining n & constants to be
determined from

OV(S) _ kL 2V o ~
o8, 24,0508, ML

, k1l (28)

§ Although V(X) will be assumed, in what follows, to be both
differentiable and possess continuous derivatives, this does not
constitute a formal mathematical restriction on the optimality
equations, since equivalent results could also be derived by em-
ploying adjoint variables

9 These equations were labeled the main equation in Ref 3
If the duration of the game is not fixed and if f; and G do not
depend on z, .+, then it can be shown that 0V /3z,+1 = 0
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Fig 1 The orbital coordinate system

The main equation (24) supplies the final expression re
quired for the complete determination of the unspecified
constants

It is worth noting that problems that fall into the category
of ordinary optimization, ie, one-sided games, can be
handled by simply omitting wherever they appear, any
reference to a second vehicle

As stated previously, this section has presented only a very
brief summary of the philosophy of differential games and is
intended to serve merely as a reference to the required
optimality equations The reader is once again directed
to the references for a complete explanation (or to any text
treating the maximum principle)

IIT  Analysis

A Passive Rendezvous

In order to initiate the analysis, consider a target vehicle
(TV) traveling in a circular orbit of radius 7, about the earth
Let the triple z,y,2 represent the coordinate axes of a right-
handed Cartesian coordinate system centered at TV with
z continually directed radially outward from the center of
the earth and x tangent to the orbital track The remaining
coordinate y is normal to this plane of motion Figure 1
illustrates the geometry schematically The direction of
motion of TV, as noted, is counter-clockwise Let a second
interceptor vehicle (IV), to which we will attribute a variable
acceleration engine, be in a nearby orbit To couch this
latter statement more precisely, it will be presumed that the
relative distance P(f) between I'V and TV is small compared
torgforallt Thatis,

P) = @+ >+ V2 81

where ,y,2 now stand for the coordinates of the interceptor
Under the assumptions noted in the introduction and with
the added constraint implied by Eq (3 1), the linearized
equations of motion of the interceptor relative to the rotating
x,y,2 reference frame are

d*x dz
(ﬁ = 2w EL + . (3 2)
a2 d
de: —2w£+3w“’z+az (33)
d2
T = et 349

where ¢ is the time, w is the angular velocity of TV about
the earth, and a., oy, a, are the components of the accelera-
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tion vector applied by IV  These equations have been de
rived by various authors (see Refs 5 and 6) and we there
fore merely state their validity For a detailed derivation
the reader is directed to the references The direction of the
acceleration vector « is assumed unconstrained The follow
ing transformation of coordinates is introduced:

T = Ty = dx/d!

T3 = 2 xy = dz/dl

5 =y ze = dy/dt

7 =t 35
oy = O oy =

Ay = Oy

In terms of the coordinates z;(7 = 1,2,
of motion of I'V now become

, 7) the equations

dxy/dt = z» (36)
dre/dt = 2wzy + o 37)
das/dt = x4 (38)
day/dt = —20ry + 3wity + o B9
dxs/dt = zs (3 10)
dze/dt = —w, + (3 11)
da/dt = 1 (312)

Equations (3 6-3 12) are a set of linear first-order autonomous
differential equations whose solution for given values of
oy, as, and az completely determine a path traversed by IV
The state variables z;, , 7 are, in terms of the notation
formerly introduced, the deseriptive variables of the inter
ceptor, whereas oy, as, and ag are the navigation variables

The problem under consideration in this section is that of
transferring the interceptor from a given initial state x;(0)
(=12, , 7) to a given final state 2,(T) (¢ = 1,2, , 7
with the minimum expenditure of fuel In particular, the
final state of IV will be taken such that the interceptor and
target vehicles are copunctual both in position and velocity
space; that is, the descriptive variables of both vehicles
will be identical (Fig 2) The optimum controls and the
trajectory flown are desired as outputs of the analysis

It is readily perceived that minimizing the propellant
expended is equivalent to both maximizing the payload
and minimizing the energy Reference 7 (among others) has
shown that minimizing the fuel is equivalent to minimizing the
following integral **:

1 ¢1
I =5 .ﬁ) (e + a® + as?)di (313)

Inasmuch as the payoff of our single-sided game is integral
and since the transfer time is prescribed, the main equation,
according to our previous discussion, emerges in the following
form:

H =V + V2(2wx4 + a;) + Vs +
V(=202 + 30is + ay) + Virs +
Ve(—o%s + o) + Vi 4 §(aa? + s + as?) (314)

** The actual amount of propellant used is given by the ex-
pression

1
W ;1 — g
T
L g [ ottt

where (1/a) is the specific power, W is the initial weight of the
vehicle, and Wy is the weight of the power supply 7To avoid

ambiguity, all comments will allude to Eq (3 13) as yielding
the fuel requirement
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It is desired to select the navigation variable @ = «* such that
HIV'(),X(),0*] is a minimum Because the ai(? = 1,2,3)
are not restricted in magnitude, this can be accomplished
by simply equating the several partial derivatives of H with
respect to the a: to zero  The acceleration program subse
quently procured is

3 = —Vs (3 15)

where the starred superseript has been dropped for purposes
of clarity Holding the foregoing in abeyance, let us ex~
amine the differential equations for the V; From Egs
(27) and (3 6-3 12), the following is immediately obtained:

o = —Vz oy = —‘V4

Vi=0 (316)
Vo=V — 20V, (317)
Vs = 3wV, (318)
Vi=Vi+ 20 V. (319)
Vs = —w? Vs (3 20)
Ve= Vs (321)
Vi=10 (322)

where, as will be recalled, the notation ( ) signifies differ
entiation with respect to v Equations (316) and (3 22)
yield
Vi=W'=a
Ve= Vi
Differentiating Eq (3 19) and then using Eqs (317, 318,
and 3 22) leads to the following differential equation for V,:

(3 23)

Vi + oV = 200 (3 24)
The solution to Eq (3 24) is immediately
Vi = 0; cosor + a3 siner + (2/w)ay (3 25)

where a;, @, and a; are constants Similarly, the explicit
expressions for the remaining V; can readily be demonstrated
to be

Ve = —3m7 — 2as siner + 2a3 coswr + a1 (3 26)

Vy = 6wayr + 3was sinwr — 3waz coswr — 2was (3 27)
Vs = —was sinwr + was coswr (3 28)

Vs = as coswr + ag sinwr (3 29)

Although Fqs (327) and (3 28) are of no immediate im-
portance, they will find application in the sections to follow
Equations (3 25) and (329) indicate that the components
of the optimum acceleration vector applied to the inter-
ceptor in the z and y directions are periodic, the frequency
of the functions being exactly equal to the frequency of
motion of the target vehicle about the earth The fact that
as(= ay) exhibits this mode is not at all surprising, since the
motion of IV relative to TV in the y direction is also very
nearly sinusoidal with the frequency referred to previously
Equation (3 26), on the other hand, implies that the re
maining component oy(= «,) contains a secular term, ie,
if 3 2 0 Equations (3 25, 3 26, and 3 29) define the magni-
tude and direction of @ The equations of motion of IV
can now be determined Lettingt = 7 — 71in Eq (39)
and then differentiating the resulting expression with respect
to this latter variable gives

124 = 260332 - 36023?:'3 - dz (3 30)

= —wiy — 2woy — @

Noting that ¢ = —Vs and a; = ~Vy, allows Eq (3 30) to
be expressed as

4 + ity = —Bwayt — Swas sinwr +
Sasw cost + 2was (3 31)
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MINIMUM
ENERGY PATH

Fig 2 Schematic
of a passive rendez-
vous maneuver

The solution to the foregoing is

_ barr 4 <10a2wr + Baz + 4oby

Ty =
4w

w

> coswr +

(2]

> sinwr + 2, (3 32)
w

—5(12 + 10a3wr + 4:wb2
4w

Using straightforward procedures, the expressions for the

remaining descriptive variables can be ascertained {1 Spe-

cifically,

_ 3 | 3ar?
2 2

(10a2w7 + 21g; + 4wb1>
COSwT —

2w?

—21as + 10aswr + 4wb,
2¢?

z = — byt —

> sinwr + b; (3 33)

z 9(11T2
y =
2

- 3(14T —l-

<—11a~4 + 10aswr + 4wb2>
coSwr —
2w

<10a2wr + 11(1,3 + 4:0.)()1

> sinwr + b: (3 34)
2w

3@1T2 2&4T
25 = - =y
[5)

w

('—‘15(12 + IOasz + 4wb2>
COSWT —

42

<10a2w7- + 15a; + 4owby

42

> sinwr +

2wbs + (8/0))(11

3w?

(3 35)

(1/40) (a5 + 20501 + 4whs) coswr —

(1/40?) Qaswr + a5 — 40?;) sinwr (3 36)
(1/4w) 2aswr — a5 — 4w?bs) coswr +

(1/4w)(as + 2ae0r + 40%s) sinwr (3 37)

where the &;(¢ = 1,2, , 6) are constants of integration
Because of the nature of as(= «,), only the motion of the
interceptor in the y direction is devoid of pure secular terms
[see Eqs (336) and (337)] Since there are 12 constants
to be evaluated and 6 equations with prescribed end points,
the constants can be determined by solving a set of 12 linear
homogeneous expressions In particular, when 7 = 0, ie,
t=T,zi=22=0(@= 12 , 6) these expressions re-

T

i

Zg

1t See Refs 8-11 for discussions of the fixed time-minimum
energy problem, with general linear differential accessory
conditions
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MINIMUM ENERGY
FLY BY PATH

Fig 3 Schematic
of a passive fly-by

maneuver
X
duce toif
2las + 4wb — 20%; = 0 (3 38)
~1las + 4wbs; + 2wby = 0 (339
3201 — 45was + 120w%; + 8w?hy = 0 (3 40)
5as + 8as + 4wby = 0 (341)
—as + 4w%; = 0 (3 42)
a5 + 4w%hs = 0 (343)

Employing Egs (342) and (343) in conjunction with
Eqs (3 36) and (3 37) allows bs and b to be expressed as
26(0){ 0T coswT — sinwT} — z5(0)w?T sinwT

bs = 20(w*T? — sinwT)

Wl =0 (344)
25(0) T sinwT + z5(0)w{wT coswT + sinwT}
2w(w?T? — sin?wT)

b = —

Wl =0 (345)
and therefore
o= 2 25(0) { 0T coswT — sinwT} — z5(0)w?T sinwT
8T o w?T? — sin?wT

ol =0 (346)

25(0) T sinwT + z5(0)w{wT coswT + sinwT}
ag = 2w .
wT? — sin2wT

Wl =0 (347)

The remaining eight constants involve extremely complicated
expressions which, if noted, would add little to this exposi-
tion The necessary expressions can be easily put in de-
terminant form for systematic evaluation by a computer §§
The sole quantity of interest yet to be determined explicitly
is the indicator of fuel consumption J Substituting Eqs
(326, 328, and 329) into Eq (313) for a3, o, and a3 and
integrating allows J to be expressed in the following form:

J = é {3(1121-3 — 3maur? 4

(8a;:2 + Ban2w? + baztw? + 2a42w? 4+ as2w? + aslw?)T _

2w?
(—3aes -+ asas) 05207 +

2w

— 2 2 2 - 2

(—3a:2 + 3as2 + as 06) sin2wr +
4w

(a5 — 4a1¢:3 — 30:a,.07) coswr -
w

4(4(.11&2 + A3y — 3(11&30)7')
(1)2

Vi
sinwr} (3 48)
0

11 It should be recognized that Eqs (331-337) apply
without modification if the z,° are taken to be something other
than zero That is, the equations are more general than the
specific application to which they are applied here

§§ Rather formidable 8 X 8 determinants are generally in-
volevd
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B Passive Fly-By

The problem under consideration in this section deals with
what has been previously described as passive fly by  Briefly,
it is desired to obtain the optimal acceleration program and
the subsequent trajectory that will allow the interceptor
to be located at a distance 6, measured in the z-y plane, from
the target at a specified time 7' (Fig 3) As in the previous
section, we will leave the direction and magnitude of accelera
tion vector to be determined by the optimization

In light of what has already been derived in Sec III A, the
solution here is almost immediate In particular all of the
equations of Sec IIT A up to and including Eq (3 37) and
the equation for J apply without modification to the problem
in hand Only the constants that appear in these equations
must be re-evaluated Because both the terminal velocity
and one of the terminal coordinates have not been specified
a priori, additional equations are needed to supply the
necessary expressions for evaluating these constants; that
is, four subsidiary equations are required These equations
can be obtained by parameterizing the coordinates on the
terminal surface (ie, 23 = 0, 2:° = T,2;," + 2:*° = 5% and
then employing Eq (28) Specifically, on the surface
C, the descriptive variables can be represented in the following
parameterized form:

=5

2 = S,

z30 =0

z = Sy (3 49)
@ = S5 = =(62 — S22

2g® = S,

x7° =T

Using Egs (3 49) in (2 8) and noting that V = 0 on C (since
the payoff is integral), we obtain the following relationships:

Vot = Vo =Vt =0 (3 50)

VS
VIO = W (3 51)

Equation (350) in conjunction with Eq (3 15) indicates
that the modulus of the acceleration vector (@) is zero on the
terminal surface In addition, Eqs (3 50) and (3 51) supply
the expressions required to determine the remaining con-

stants appearing in the path equations FEvaluation of
FEqgs (325, 3 26, and 3 29) on C leads to

o = —(way/2) (352)
as = —2az (3 53)
=20 (8 54)

Since, by hypothesis, at 7 = 0, 2;* = 0, Eqs (3 35) and (3 52)

194 \\
~192
" N
Q
= \
~ 190
(5]
LJ
o [
~
s OPTIMUM PROGRAM
5 ——— TANGENTIAL
PROGRAM /
186
9 40 80 120 160
8 wrt (DEG)

Fig 4 Acceleration programs
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when solved for a; and a; yield
as = (4w/61)(3b: + 2bs) (3 55)
a = —(2w?/61)(3b: + 2b,) (3 56)
Furthermore, Eqs (3 33, 3 36, and 3 28) on C take the form
21as + 4ob; — 2whs

o = 8 = — 5 (357)
20 = (8 — §HV2 = by (3 58)
Ve = wag (3 59)

Substituting Eq (3 57) into (3 58) and solving for a; in terms
of the b; gives 1Y

£2w2(8% — b))V 4 4wb; + 2wh;

a; = — 21 (3 60)
Trom Eq (3 53), the constant a, becomes
+ 2 p2)l/2 — 2
o = 4w (8 bs?) Swh; + 4w (3 61)

21

Finally, substituting Eqs (3 58, 359, and 356) into Egq
(3 51) allows as to be expressed as

Qw b5
g = — (?)T) m (3bs + 2bs) (3 62)
Equations (3 54-3 56 and 3 60-3 62) give the a; as functions
of the constants b;,(t = 1,2, , 8) If these expressions
are subsequently employed in the path equations, Egs
(323-3 37) then there evolves a set of 6 nonlinear algebraic
expressions which are to be solved at the initial conditions
24(0) for the constants b,( = 1,2, 6) Once these con-
stants have been obtained, the solution is completely deter-
mined It is worth noting that only one of the constants,
namely bs, appears nonlinearly The path equations can
thus be solved at the boundary conditions for the remaining
constants in terms of b5 This should expedite the solution
process

Although the evaluation of these constants by hand would
involve a prohibitive amount of time (if it could actually be
accomplished at all), machine routines do exist which can
perform the necessary operations A successful determina-
tion of the b; by a computer indeed may also involve a con
siderable amount of time, depending on the convergence
properties of the routines used Be this as it may, the nu-
merical problems are left to the user

C Active Rendezvous

This section of the report deals with a problem of pursuit
and evasion It is included herein mainly to illustrate the
full application of the differential games technique Be
cause realistic problems which fall into the category of
games, are generally complicated and often involve un-
wieldy equations, our concern here will be mainly to obtain
the functional form of the optimum navigation variables
Once this has been accomplished, the differential equations
of motion of the vehicles can (theoretically) be integrated
to obtain the path traversed by the vehicles

Consider two vehicles P and E each equipped with low
acceleration engines 'The magnitudes of the acceleration
vectors developed by these engines are presumed to be con-
stant while their directions are free The pursuit vehicle
P desires to rendezvous with E in the minimum time, whereas

9 Note that there are two possible values for a; and subse
quently for a; and a; The correct choice of sign for the radical
(82 — bs2)V2 can most easily be obtained by computing the
corresponding values of J
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-040

/
o\ /|
RN /
N/
\\ //

a, (FT/SEC?X10%)

ols b A
024 |
0 40 80 120 160
0 wt(DEG)
Fig 5 Outward component of optimum acceleration
program

conversely, the evader £ wishes to maximize this time The
term rendezvous is used here to mean coincidence in hoth
position and velocity space ***

Under the assumptions used in the preceding sections, the
main equation for an integral payoff with G = 1 is easily
seen to bef{t

2
H = " {Vizy 4 Vo202 + «; cosb; sing;) +
J=1
Vg,.x4,~ + V4,«(—2a)272,» + 30)2113,- + (s 41 Sinﬁj) +
V5,‘x6i(—'w2x5,‘ + (o] COS@,’ Cos¢i) + 1} =0 (3 63)

where the subscripts 7 = 1 and 2 allude to the pursuer and
evader, respectively  Here, as noted, it is more convenient
to represent the acceleration vector of the vehicle (e;) in
terms of spherical coordinates Performing the necessary
min max operation described in Sec II leads to the following:

V4, COSQ,' — (V;)i sin¢,~ + V6,~ COS¢,‘) sin@,- =0

=12 (364)
Vs, cos¢p; — Vi, sing; = 0 j=12 (365
Solving the foregoing for ; and ¢; yields
. AV,
sind; = (Va2 + Va2 + V)12 (3 66)
_ (1/212 + V6j2)1/2
cost; Tt t Vit + Vorie (3 67)
iy = AT
i (Va2 + Va2
_y-lifj=1
A—{ 1iff = 2 (3 68)

_ AVs;
cosg; = (Vo + Ve2)li2

If Eqs (3 25, 3 26, and 3 29) are substituted into Eqs (3 67)
and (368), then the navigation variables are known in
terms of the constants a;,(t = 1,2, ,6,7=1,2)

**% There is, of course, a possibility that rendezvous will not
occur for any finite time However, we will assume the contrary

t11 In this case, the origin of the z,y,z coordinate system re-
mains in some arbitrary, nearby circular orbit and rotates with a
constant angular velocity; that is, it is not fixed in the evader
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The terminal surface C, in parametric form, is

xlio = Sl
xg,"’ =8

(3 69)
xeio = S

Equation (2 8) in conjunction with Eq (3 69) leads to the
following expressions relating the V;;°:

Vi = —V,° 1= 1,2, , 6 (370)
Solving Eq (370) [ie, Eqs (323 and 3 25-329)] leads to
the result
Qiy, = — Oy 1 =12 , 6 371)
and hence
Vi = =V (372)

at all times Substitution of Eq (3 72) into Eqs (3 67) and
(3 68) gives the interesting result{it

sinf; = sind, cosf; = cosb,

sing; = sing, cos¢y = cosgs (373)

Equation (3 73) shows that the direction of the acceleration
vectors a; and e are identical at all times §§§

D An Ilustrative Example 777

Consider a vehicle traveling in a circular orbit at an altitude
of 1000 naut miles above the earth TUnder a constant
tangential acceleration program of magnitude @ = 19 3067 X
1073 ft/sec?, i e, 1072 ¢’s, this vehicle will exhibit the following
coordinates (as referred to the rotating z,y,z system) at a
time equal to one-half the period of the nominal orbit:

% = 018376 X 10°ft
% = 021525 X 103 fps
x:0 = 016905 X 10° ft
2 = 090119 X 102 fps

The propellant used in performing this change of state is
J = 3[(19 3067)21076] 3 7152 X 103 = 0 6924 {t?/sec?

Using the values of 2;° to z,° just noted as terminal conditions
and z,(0) = 22(0) = x3(0) = z4(0) = 0 asinitial conditions Eqs
(8 32-3 35 and 348) can be used to obtain the equivalent
optimum ftrajectory and minimal value of J Carrying out
the necessary calculations leads to the following result:

T
Jmin = % j;) (az2 + a2)dt =0 6718 ft2/Se(33

Comparing Jui. to J indicates approximately a 3%, saving

111 It has recently been brought to the author’s attention
that the results of this section are in agreement with those ob-
tained in Ref 8, pp 226-237

§§§ Although not heretofore specifically indicated, it is obvious
that the optimum strategy for the pursuer is dependent on the
strategy adopted by the evader If the evader chooses not to
employ the optimum strategy, then the pursuer will select an
alternate that is optimal under these new conditions In Refs
1-4, the author uses some heuristic arguments to show that
under these conditions a pursuer would rendezvous with an
evader with less effort (or in less time) then if the evader had
employed his optimum strategy

199 The example to be considered involves an optimum change
of state rather then a specific rendezvous [see footnote pre-
ceding Eq (3 38)]
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in mass using the optimum program The relatively small
improvement of the optimum solution compared to the
tangential program is not surprising in view of the inherent
efficiency of tangential acceleration; that is, tangential ac-
celeration maximizes the instantaneous rate of change of
total energy

Figure 4 shows a plot of | @] and a vs central angle It
is interesting to note that although |eup| does not change
appreciably over the duration of the mission, it is not con-
stant  Figure 5 displays the variation of a with time

A brief study was also conducted to determine the sensi
tivity of the value of J p; to small variations in the terminal

conditions  Some typical results obtained are indicated
below:

Az ® = 01 fps > AJ = —0 0087 ft2/sec?

Az = 100 ft — AT = 00032 ft2/sec?

E Discussion

In the preceding analysis, solutions to a few optimum
continuous thrust rendezvous problems have been presented
Specifically, the passive rendezvous and passive fly-by
maneuvers that minimize the required propellant have been
obtained in closed form That is, the acceleration programs
and related trajectories have been obtained as explicit func-
tions of the time The problem of minimum time active
rendezvous has also been discussed and the following general
result was deduced, via the technique of differential games:
the optimum strategies for pursuer and evader dictates that
their acceleration vectors should be parallel at all times
In addition to the foregoing, an illustrative example dealing
with a modification of the passive rendezvous maneuver was
presented In this example, an optimum acceleration pro-
gram was compared with a constant tangential acceleration
program known to be capable of performing the same change
of state The optimum acceleration level was shown to be
variable, and this program was slightly more efficient than
the tangential program
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